Fast Ion Instability is studied in the nonlinear regime. It is shown that exponential growth of the linear regime is replaced in this case by the linear dependence on time. Numeric and analytical results are presented describing the beam profile and the beam spectrum in both regimes.
INTRODUCTION
The Fast Ion Instability discovered recently [ 11 has been studied numerically and confirmed experimentally [2] . The transverse instability is caused by the interaction of a train of bunches with the residual gas. Ions produced by transversely offset bunches in the head of a train induce oscillations of the tail of the train. The ions may be cleared out by a gap after one revolution, but the memory remains in the train. Amplitude of oscillations initially grows as e x p m until the amplitude of a bunch centroid is of the order of the transverse rms c of a bunch. The initial rise time of the oscillations of a bunch centroid was found to be a fraction of a millisecond, even taking into account the spread of ion frequencies [3] . This is too fast to be observed in experiments directly.
The exponential regime is limited by the nonlinearity of the beam-ion interaction. As a result, exponential growth at large amplitudes is replaced by a linear dependence of the amplitude on time [4] , and only this nonlinear regime can be observed experimentally.
The dynamics of the instability in the nonlinear regime is quite complicated. Additional to the nontrivial interference of the perturbations of the beam by the ions excited by different bunches in the train, the instability in the nonlinear regime essentially depends on the feedback damping and noise in the system while experiments without feedback are hardly possible due to the adverse effects of traditional multibunch instabilities. All that make necessary numerical studies of the instability. Simulations include effects of the feedback and random noise describing the time dependence of the train profile and the beam spectrum.
ANALYSIS OF INSTABILITY
Vertical motion of electrons of the n-th bunch on the IC-th turn is described by the equation [4] "2; In the linear regime, these the original paper [ 11. In this case, the solution is
The solution grows in time only for the with the quasi-exponentially growth found in the original paper [ 11. Correspondingly, the spectrum of the BPM signal
consists of the betatron side-bands at frequencies w = 1 w T~W b , 1 = 0 , l . . with the envelope centered at the ion frequency with the lower side-bands having amplitudes larger than that of the upper side-bands and growing in time.
In the nonlinear regime, the RHS in the Eqs. (2) and (4) depends on the function f(0. We can expect that the variation of the argument E in time is similar to variation of the RHS in the linear regime, that is propor-
tional to e z ( w h f w c ) z / c -z w h t in the equation for y(t, z ) and e-zwbs/c*zw*(t-s/c)
in the equation for Y ( t , s, z). In the strongly nonlinear regime, the spectrum of the RHS is a spectrum of a step-function which changes sign with the periods of betatron or ion oscillations. The spectrum of f(E) in Eq. (1) and Eq. (4)) contains in this case harmonics of wb and w, correspondingly. The amplitudes of the harmonics roll off slowly as l / n for the n-th harmonic. In the nonlinear regime, the ions motion is a superposition of ion frequency harmonics. The amplitudes of harmonics don't grow in time but, without the feedback system, their number does. The RHS of Eq. (2) has always a harmonic 0-7803-4376-X/98 /$10.00 0 1998IEEE oscillating with the betatron frequency. As the result, the amplitude of the bunch centroid motion linearly increases in time.
(9)
The linear growth described by Eq. (14) replaces the quasiexponential growth of the linear regime, see Eq. (1 l), when amplitude is of the order of transverse beam size rms.
MODEL FOR SIMULATIONS
To simulate the instability we use a simplified model describing each bunch in a train of n b bunches as a single macroparticle which goes around the ring in steps equal to S b . All bunches get a kick from each group of ions at the new location of individual bunches
and each group of ions gets a kick Each bunch generates an ion macroparticle with the offset equal to the offset of a bunch, and all ions are killed at the location of the ring just left by the last bunch in the train. To model variation of the rms beam size around the ring, the ion frequencies and the kicks to the bunches are periodically modulated with the period equal to 1/12-th of the circumference of the ring (periodicity of the ALS lattice). Results with the feedback turned on ( 7 d = 0.1 ms) are shown in the right hand side of Fig. 1 . After initial growth, the amplitude of the last bunch oscillates around some steady level. Effect of the ion frequency modulation in the saturation is small, see two curves without modulation and with the amplitude of modulation mod = 0.5.
RESULTS OF THE SIMULATIONS
The variation of the beam profile can be understood from the following. Initially, the amplitude of a bunch grows according to the linear theory and much faster for the bunches in the tail of the train then in the head. Later, however, the feedback takes over and suppresses oscillations of the bunches in the head of the train to zero amplitudes. As a result, the growth rate and the amplitudes of the following bunches decrease and the bunch number with the amplitude A = 1 increases in time. Oscillations with large amplitudes retain only in the very tail of the train and, eventually, all oscillations are damped out.
If we now, additionally to the feedback, turn on the noise, the beam profile goes to a steady-state, see Fig. 2 . Without the instability, the equilibrium amplitude of a bunch in units of cr would be If the amplitude is smaller than that, the head of the train oscillates in the linear regime, and the transition to the nonlinear regime takes place somewhere closer to the train tail.
With the instability, the beam profile oscillates around almost triangular shape with amplitudes larger in the tail where w, is ion frequency in the linear regime. In the nonlinear regime, where the interaction between ions and bunches depend mostly on the sign of the relative position of the bunch and ion centroid, there is no reason to expect that the spectrum is centered around the ion frequency which is typical for the dipole signal of the linear regime. It should be noted, that for relatively low noise level, the head of the train can have small amplitudes corresponding to the linear regime while the tail of the train at the same time may be in the nonlinear regime.
The beam spectrum in the nonlinear regime with feedback and noise initially is much wider than that in the linear regime, Fig. 4 , but with time only relatively few harmonics with low frequencies survive.
Calculations with the train of 100 bunches lead to similar results scaled correspondingly with the number of bunches. 
CONCLUSION
Ion-induced fast transverse instability is constrained by nonlinear effects. Nonlinear effects stop quasi-exponential growth of the amplitude and only the linear with time growth remains. The feedback damping suppresses the bunch oscillations first in the head of the train, effectively reducing the train length and, therefore, the growth rate of the instability. With the noise, the beam takes the typical triangular shape with the profile determined by relation between noise and the feedback. The spectrum of the beam become wider and flatter comparing to the spectrum predicted by the linear theory. Details of the spectrum again depend on the noise and feedback. This may explain unstable character of the spectrum in the experiments.
